Abstract. In this article, we consider the system of differential equations
INTRODUCTION AND PRELIMINARIES
The study of differential equations and variational problems with nonstandard p(x)-growth conditions is a new and interesting topic. It arises from nonlinear elasticity theory, electrorheological fluids, etc. (see [1, 2, 14, 20] ). Many existence results have been obtained on this kind of problems, see for example [4, 9, 10, 12, [15] [16] [17] [18] . In [6] [7] [8] , Fan et al. studied the regularity of solutions for differential equations with nonstandard p(x)-growth conditions.
In this paper, we mainly consider the existence of positive weak solutions for the system ÀD pðxÞ u ¼ k pðxÞ ½aðxÞu aðxÞ v cðxÞ þ h 1 ðxÞ in X; Especially, if p(x) " p (a constant), (1.1) is the well-known (p,q)-Laplacian system and the corresponding equation is called a constant exponent equation. We have known that the existence of solutions for p-Laplacian elliptic systems has been intensively studied in the last decades, we refer to [3, 11, 13] . In [11] , Hai et al. considered the existence of positive weak solutions for the p-Laplacian problem the authors showed that the problem (1.2) has at least one positive solution provided that k > 0 is large enough. In [3] , the author studied the existence and nonexistence of positive weak solution to the following quasilinear elliptic system
The first eigenfunction is used to construct the subsolution of problem (1.3), the main results are as follows:
has a positive weak solution for each k > 0; (ii) If h = 0 and pc = q(p À 1 À a), then there exists k 0 > 0 such that for 0 < k < k 0 , then problem (1.3) has no nontrivial nonnegative weak solution.
In recent papers [15] [16] [17] [18] , Zhang has developed problems (1.2) and (1.3) in the variable exponent Sobolev space. On the p(x)-Laplacian problems, maybe the first eigenvalue and the first eigenfunction of p(x)-Laplacian do not exist. Even if the first eigenfunction of p(x)-Laplacian exists, because of the nonhomogeneity of p(x)-Laplacian, the first eigenfunction cannot be used to construct the subsolution of p(x)-Laplacian problems. Motivated by the above papers, in this note, we are interested in the existence of positive solution for problem (1.1), where a, b are continuous functions in X and k is a positive parameter. Our main goal is to improve the result introduced in [18] , in which a = b " 1.
To be more precise, we assume that X & R N is an open bounded domain with C 2 -boundary oX and the following conditions hold:
(H 1 ) pðxÞ; qðxÞ 2 C 1 ðXÞ and 1 < p À 6 p + and 1 < q À 6 q + ; (H 2 ) h 1 ; h 2 ; a; b; c; d 2 C 1 ðXÞ satisfy a,b P 0 on X, and c,d > 0 on X; To study p(x)-Laplacian problems, we need some theories on the spaces L p(x) (X), W 1,p(x) (X) and properties of p(x)-Laplacian which we will use later (see [5] ). If Throughout the paper, we assume that p,q 2 C + (X) and 1 < inf x2X p(
) is a separable, reflexive and uniform convex Banach space (see [5, Theorem 1.10, 1.14]).
The space ðXÞ (i.e. u P v on oX), then u P v a.e. in X.
Here and hereafter, we will use the notation d(x, oX) to denote the distance of x 2 X to the boundary of X. Denote d(x) = d(x, oX) and oX e = {x 2 XOEd(x, oX) < e}. Since oX is C 2 regularly, then there exists a constant l 2 (0, 1) such that dðxÞ 2 C 2 ð@X 3l Þ, and OEÑ d(x)OE " 1.
Denote
2 p À À1 dt; 2l 6 dðxÞ:
Obviously, 0 6 v 1 ðxÞ 2 C 1 ðXÞ. Consider the problem ÀD pðxÞ wðxÞ ¼ g in X;
where g is a parameter. The following result plays an important role in our argument whose proof can be found in [18] or [4] . 
À Á 2ðpðxÞÀ1Þ p À À1 À1 ða 1 þ 1Þ; l < dðxÞ < 2l; 0; 2l < dðxÞ:
a.e. on X, for any h 2 (0,1), where C * = C * (l,h,p,X) is a positive constant depending on f.
g; we can see that v 1 (x) is a subsolution of (1.1). According to the comparison principle, it follows that v 1 (x) 6 X(x) on X. Obviously, fl 6 max x2X v 1 ðxÞ 6 2fl, there exists a positive constant C 1 such that max x2X wðxÞ P max
(ii) It is easy to see from Lemma 1.2 of [4] . This completes the proof. h
EXISTENCE OF SOLUTIONS
In the following, when there is no misunderstanding, we always use C i to denote positive constants. Our main result of this paper is the following theorem. ðXÞÞ with u,w P 0. According to the sub-supersolution method for p(x)-Laplacian equations (see [4] ), then (1.1) has a positive solution.
Step 1. We construct a subsolution of (1.1).
Let r 2 (0,l) 
p À À1 dt; 2l 6 dðxÞ:
/ 2 ðxÞ ¼ e kdðxÞ À 1; dðxÞ < r;
It is easy to see that / 1 ; / 2 2 C 1 ðXÞ. Denote
À Á 2ðpðxÞÀ1Þ p À À1 À1 ða 1 þ 1Þ; r < dðxÞ < 2l; 0; 2l < dðxÞ:
À Á 2ðpðxÞÀ1Þ p À À1 À1 ðb 1 þ 1Þ; r < dðxÞ < 2l; 0; 2l < dðxÞ: Since dðxÞ 2 C 2 ð@X 3l Þ, then there exists a positive constant C 3 such that
If k is sufficiently large, let Àkf = ka, we have It only remains to prove that / 1 ðxÞ 6 v 1 ðxÞ; when dðxÞ < l:
If v 1 (x 0 ) À / 1 (x 0 ) < 0, it is easy to see that 0 < d(x) < l, and then
From the definition of v 1 , we have
It is a contradiction to Ñv 1 (x 0 ) À Ñ/ 1 (x 0 ) = 0. Thus (2.13) is valid. Obviously, there exists a positive constant C 3 such that f 6 C 3 k:
Since dðxÞ 2 C 2 ð@X 3l Þ, according to the proof of Lemma 1.3, then there exists a positive constant C 4 such that ÀD pðxÞ v 1 ðxÞ 6 C Ã f pðxÞÀ1þh 6 C 4 k pðxÞÀ1þh ; a:e: in X; where h 2 ð0; 1Þ:
is large enough, we have ÀD pðxÞ v 1 ðxÞ 6 g:
According to the comparison principle, we have v 1 ðxÞ 6 wðxÞ; 8x 2 X: ð2:14Þ
From (2.13) and (2.14), when g P k p þ and the parameter k P 1 is sufficiently large, we have / 1 ðxÞ 6 v 1 ðxÞ 6 wðxÞ; 8x 2 X:
ð2:15Þ
According to the comparison principle, when l is large enough, we have v 1 ðxÞ 6 wðxÞ 6 z 1 ðxÞ; 8x 2 X:
Combining the definition of v 1 (x) and (2.15), it is easy to see that / 1 ðxÞ 6 v 1 ðxÞ 6 wðxÞ 6 z 1 ðxÞ; 8x 2 X: 
